Quintessence with a constant equation of state in hyperbolic universes 
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Quintessence models leading to a constant equation of state are studied in hyperbolic universes. 
General properties of the quintessence potentials V{(f>) are discussed, and for some special cases also 
the exact analytic expressions for these potentials are derived. It is shown that the observed angular 
power spectrum of the cosmic microwave background (CMB) is in excellent agreement with some 
of the quintessence models even in cases with negative curvature. It is emphasized that due to a 
(ui^, fi^, f2c)-degeneracy a universe with negative spatial curvature cannot be excluded. 
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I. INTRODUCTION 



The recent observations of the anisotropy of the cos- 
mic microwave background (CMB) [|], ^, H together with 
the power spectrum of the large scale structure (LSS) 
l@' H' H 01' ^"^^ the magnitude- redshift relation of the 
supernovae la ^, |l^ give strong evidence that the 
present mean energy density etot of the universe consists 
not only of radiation, baryonic and cold dark matter, 
but also of a dominant component with negative pres- 
sure which nowadays is called dark energy. An obvious 
candidate for this new energy is Einstein's cosmological 
constant A with a corresponding constant energy density 
= Ac'*/(87rG) and negative pressure pa = — Ea, as- 
suming a positive cosmological constant. The associated 
cosmological models are known as ACDM models. 

An alternative explanation for the missing energy is 
quintessence, where the dark energy density is identified 
with the energy density (associated with a negative 
pressure p^) arising from a scalar (quintessence) field 4> 
(see for a recent review). Quintessence can be con- 
sidered as a natural generalization of the cosmological 
constant to the case of a time-dependent A.{t) with an 
associated time-dependent pressure. 

Many cosmologists seem to accept as established that 
the universe is flat corresponding to fc = and Otot := 
Etot/^crit = 1- Here we address the question: do the re- 
cent observations really establish that our universe is spa- 
tially flat? It is demonstrated that present data are con- 
sistent with certain quintessence models possessing a con- 
stant equation of state in a hyperbolic universe, i. e. with 
negative spatial curvature, k = —1, corresponding to 
iltot < 1- Our result is the consequence of the important 
observation that there exists a degeneracy in the space of 
the relevant cosmological parameters (w^, fi^, fic) which 
are introduced below. 

Our background model is the standard cosmological 
model based on a Friedmann-Lemaitre universe with the 
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Robertson- Walker metric 



a^irj) [drj^ — ^ijdx^dx^^ 



(1) 



where 7y denotes the spatial hyperbolic metric, and 0(77) 
is the cosmic scale factor as a function of conformal time 
rj. Then the Friedmann equation reads (a' := da/drj, c — 

1) 



:= 



BttG 



-£tot 



(2) 



where H = Hirj) is the Hubble parameter, and the last 
term in Eq. (g) is the curvature term for k = —1. Fur- 
thermore, etot = Er + Em + £0, where e-c denotes the en- 
ergy density of "radiation" , i. e. of the relativistic com- 
ponents according to photons and three massless neu- 
trinos; Em = Eb + £cdm IS thc energy density of non- 
relativistic "matter" consisting of baryonic matter, eb, 
and cold dark matter, ecdm, and is the energy density 
of th e da rk energy due to the quintessence field (p. (In 
Sect. V_C, we will also include the energy density due to 
a cosmological constant.) For our later discussions of the 
time-dependence = e^{vi) of the various energy com- 
ponents (x = r,m, 0), it is important to notice that the 
initial conditions to be imposed on the Friedmann equa- 
tion (|^) are in the case of negative curvature uniquely 

given by a(0) = and a'(0) = - f7tot)"^i?(7^ with 

Ho — H{riQ) being the Hubble constant. Here and in the 
following, we use the dimensionless density parameters 
^Av) £x(?7)/£crit(?y) with £crit(?y) = 3iJ2/(87rG) and 
fix ^x(jlo) denoting their present values. 

In quintessence models, the energy density £0(?7) and 
the pressure Pcpii]) of the dark energy are determined by 
the quintessence potential V{(j)) 



^ct>''~V{4>) , (3) 



or equivalently by thc equation of state 



(4) 



The equation of motion of the real, scalar field (/){!]) is 
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6" + 2-0' + a- 
a 



:dVi<t>) 



(5) 



2 



where it is assumed that 4> couples to matter only through 
gravitation. The various energy densities are constrained 
by the continuity equation 



4(?7) + 3(l + u;,(r;))-e,(r/) 







(6) 



with the constant equation of state Wj. — i, w-ai ~ for 
X = r, m and w^{ri) for yi — cj). It is worthwhile to remark 
that the quintessence field (j) may be regarded as a real 
physical field, or simply as a device for modeling more 
general cosmic fluids with negative pressure. 

Obviously, there are two complementary approaches: 

a) Given 1^(0) compute Wip{ri), 

b) Given w^{r/) compute V{(/)), 

and then make predictions for or compare with cosmolog- 
ical observations. Among the various potentials studied 
in the literature (see, e. g. |l^ and references therein), 
we mention only the inverse power-law potential 



A 



7 > 



and the exponential potential 



B>0 



(7) 



(8) 



The potentials (0) and (^) can be derived [|3| (see 
also Sect. Ill), if one requires a constant during a 
given evolution stage of the universe: in the radiation- 
dominated epoch one obtains the inverse power-law po- 
tential (^, whereas in the quintessence-dominated epoch 
one requires = const. < —1/3 and then obtains the 
exponential potential (|^). 

In the following, we concentrate our attention on ap- 
proach b), where one specifies the equation of state 
rather than the potential V{(j)). In order to general- 
ize the standard cosmological models like ACDM models 
with as few as possible additional degrees of freedom, 
will be chosen as constant (as studied for flat universes 
in, e.g., |l^) This contrasts to approach a), where 
a whole function, i.e. the potential V{(j)), increases the 
freedom of the model enormously. Furthermore, since 
in the standard cosmological theories w-^ is constant for 
the various energy components, one can also consider 
a constant for the dark energy component as the 
most "natural" generalization. It turns out that the val- 
ues w,p = —1/3,-2/3 play a special role and constitute 
a kind of new "exceptional phases" in addition to the 
standard phases characterized by = {1/3,0,-1} for 
X = {r,m, A}. Such equations of state occur in mod- 
els based on topological defects where w = —1/3 corre- 
sponds to a network of frustrated cosmic strings ||l^, 
and w = —2/3 to domain walls |l^, [l^ . 

One purpose of this paper is to derive the poten- 
tial V{(l)) for the two special equations of state = 
-1/3,-2/3. The restriction to a constant equation of 



state arises from the absence of well motivated dark en- 
ergy models being based on fundamental physics. This 
restriction should not only be considered as a prejudice 
but also as an approximation to time-variable equations 
of state when one attempts to describe cosmological ob- 
servations. Models with a non-constant equation of state 
lead to nearly the same CMB anisotropy as correspond- 
ing models with an effective (constant) equation of state 
where wArf) is appropriately f^^-averaged ^ . As ar- 
gued in pO| , the location of the acoustic peaks is mainly 
determined by flci,{r]Q), the Jl^-weighted average of w^{r]) 
averaged until the present time, as well as by the aver- 
age of 0^(77) until recombination. The latter is negli- 
gible for negative w^{r]), i.e. for non-tracker fleld mod- 
els, since around Zs\s — 1100 the energy density of the 
quintessence component is then subdominant compared 
to that of the background component. Thus Q^{ri()) 
and the fi^-weighted average of w^{r]) suffice to approx- 
imately describe the peak structure. Since the dark en- 
ergy dominates only recently, the fi^-weighted average 
leads to an averaging over the recent history. Therefore, 
the anisotropy of the CMB is not well suited to probe 
the time-dependence of the equation of state w^{ri). The 
main properties of the anisotropy are then determined by 
the angular-diameter distance dA to the surface of last 
scattering (see, e.g., [|2|). A further dependence of the 
CMB anisotropy on the dark energy arises through the 
late-time integrated Sachs- Wolfe effect which contributes 
mostly to low multipoles in the angular power spectrum. 
Because of the cosmic variance and a possible contribu- 
tion of gravity waves, it is difficult to extract information 
on a time- varying equation of state [^. On the other 
hand, in classical cosmological tests based on the lumi- 
nosity distance, a dark energy component contributes ap- 
preciably only for redshifts 0.2 ^ ^: ^ 2 since for 
higher redshifts the contribution to the total energy den- 
sity is too minute (see also Eq. (51)). Here the difficulties 
are caused by the luminosity distance which depends on 
W(j,{rj) through a multiple-integral which smears out the 
information on the time-dependence of ?i;0(r/) p5| . Thus, 
with the exception of tracker fields, it is very difficult to 
observe a time-dependence of w^{r]) and therefore one 
can restrict the discussion to a constant equation of state. 

Quintessence models with a constant equation of state 
differ from a cosmological constant with = — 1 only 
in the value of the constant ^ — 1. If the observations 
are too close to ~ i^a, then quintessence models might 
be superseded by the long-known cosmological constant, 
i. e. by the vacuum energy. Assuming flat universes, the 
current bound is, e.g., Wd, < —0.85 at 68% C.L. or 
even < —0.93 at 2a ||2j. The caveat is, as we shall 
show in Sect. VI, the assumed flatness. Such a value so 



close to the cosmological constant has, however, problems 
to account for the observed number of giant arcs in galaxy 
clusters. For a flat ACDM model with fim = 0.3, the 
number of arcs is one order of magnitude too low. To 
obtain the right order, one either needs a low-density 
open model with = 0.3 or a flat model where the 



3 



vacuum energy is replaced by a dark energy component 
with ~ —0.6 Ig^. A further variant, not discussed 
in , would be an open model with dark energy which 
should also produce enough strong lensing to obtain a 
large number of arcs. In addition, too few lensed pairs 
with wide angular separation are observed in comparison 
with the prediction of a flat ACDM- model These 
strong lensing observations point towards a universe with 
negative curvature. 



II. GENERAL FORMULA FOR THE 
QUINTESSENCE POTENTIAL 

In the following, general properties of quintessence 
models having a constant equation of state with 
W0 € [—1,-1/3] and for a universe with negative cur- 
vature, i.e. Otot < 1, will be discussed. Especially, we 
discuss the properties of the potential V{(j)) which be- 
longs to a given w^. Without loss of generality, we may 
assume 4'{ri) > with the initial value (/)in = 0(0) = 0. 
It then will turn out that the potential V{(j)) is uniquely 
determined. 

Our starting point are the simple relations 



vi<p) 



lie,- 



1 - W0 



(9) 



(10) 



which directly follow from Eqs. (||) and (^. Since is 
constant, we obtain the following solution for from the 
continuity equation (||) 



a{i]) 



3{l+w^) 



(11) 



where oq = 0(770) = Hq^{1 — fltot)^^^^ is the scale factor 
of the present epoch. Inserting (|l^) into (^, we arrive at 
the following exact expression for the potential V{(f){ri)) 
parameterized in terms of the scale factor 0(77) 



F(0(7?)) = Vo 



a{f]) 



(12) 



where the "potential strength" Vq = V{(j){riQ)) is given by 



Vo 



(13) 



with = ^^0(770) = e0(?7oVecrit and Ecrit = ecrit(?7o) = 
3H^/{8ttG). Although Eq. (|l|) does not yet express V{(f)) 
as a function of 0, several important conclusions can al- 
ready be drawn from Eqs. ( p^ and ([1^): 

i) V{4>) is always positive, V{4>) > 0, 



ii) ^(0(77)) diverges for = const. > —1 like 



o 



1 



(14) 



in the radiation-dominated epoch, rj 
a{vi) — 0{rf) in this limit. 



0, since 



iii) V{(j){vi)) decreases monotonically with increasing 7;, 
since 0(7/) increases monotonically, 

iv) the order of magnitude of the potential strength 
Vq, Eq- (p^, is determined by the "small" energy 
density £crit- 



The divergent behavior (y_4|) for > — 1 implies that 
V{4>(vi)) does not possess a Taylor expansion at 7y = 0, 
i. e. at </>!„. This in turn is tightly connected with the fact 
that assuming a Taylor expansion at = (pi-^ necessarily 
implies a time- varying Wif, with ^^(O) = — 1. (A proof 
will be given in Sect. III.) 

As a side-remark, notice that Eqs. (|l2|) and (^3|) are 
consistent with the standard cosmological constant, since 
= —1 yields V{(j)) = Vq = £0 = const, for all 77 > 0. 

In order to determine V{(j)) as a function of we must 
replace 0(77) in Eq. (|l2|) by A{(j)) 0(77(1/))), where 77(0) is 
the inverse of cj^ir]). The function A((j)) can by computed 
as follows. Combining Eqs. ( p^ and (pT| ) yields 



0'(7;) = a[a{v)]' 



(15) 



with a := [(1 + 7«0)r!0a;j*'+"'*^ e„itV/^ and S -i(l + 
Sw^). Here we have chosen the positive square root of 
Eq. (p^), since with 0(0) = and (j){r]) > 0, the gen- 
eral properties i)~iii) of the potential lead to 0'(77) > 0. 
(Actually, Eq. ( [l5|) implies (t)'{r]) ^ for 7; and 
— 1 < Wij, < — i.) Furthermore, we have 



d(t>{v{a)) 
da 



dA 



(16) 



where the function /(a) is defined by rewriting the Fried- 
mann equation (|^) as a' = f{a) with 



/(a) := 



BttG 



£tot(?7) + 



Hi f^xa;^^'+""^^ fli-^""^ . (17) 



X— r.m.0,c 



In the last expression, we have inserted the solutions 
of the continuity equation (^) for the various energy 
components x = {r, m, 0} and, furthermore, have in- 
troduced the dimensionless curvature parameter 
[H^a^)^^ = 1 — i7tot > with the corresponding equa- 
tion of state Wc = —\- Combining Eqs. ( p^ and ( |l^ ) 
gives 



d<t) 



rv , dA 



(18) 



4 



which yields by integration 



dA 



(19) 



Since A{(j)) = a{ri{(j))) tends to zero in the hmit 77 0, 
the integral relation (|l^) is consistent with our initial 
condition (j)(ri) ^ in this limit. Eq. ( pj| ) determines the 
cosmic scale factor A as a function of the quintessence 
field 0, i. e. as the inverse function of the function defined 
by the integral in Eq. ([l9|). Inserting the solution A{(f)) 
of (|l|) into Eq. (|l2|), leads to our general formula 



(20) 



for the quintessence potential. 

It is convenient to use the dimensionless variable y := 
^ = ^q-j- as an integration variable in (p^). Defining the 
dimensionless function 



5(2/) 



E 

X— r,m,0,c 



(21) 



we have f{A) = f{aoy) — HQa'^g{y), and Eq. ( p^ ) takes 
the final form 



Bn6 = 



V9¥) 



■dy (22) 



with 



Bo 



nip y 3(1 + w^)Q^ 



(23) 



(Here mp := G'-^^^ denotes the Planck mass, H = 1.) 
Note that the combination Bo(j) is dimensionless as re- 
quired by the right-hand side of (^). 

Before we come to a discussion of the general proper- 
ties of the potential (|20|), we have to check whether the 
solution ( p^ for together with the potential (^0|) solves 
the equation of motion (^ , which until now has not been 
used in our derivation. For this purpose, it is useful to 
express the time-dependence of the various terms in (|^) 
by a(77). Using cf," = ^a' = and Eq. (©, we 

obtain 



k\/ /(a) 1 -t- iw^ 



d4> dA ' 



(24) 



Furthermore, with |^ = and Eqs. (|1^) and (|^ 

we derive 



ai(i+«'*) 



(25) 



with (3 := 3(1 -I- w;0)Vbao^^'^'"*Va^ = §(1 - w^)- Thus, 



we obtain 



'2—0 +a TTT- 
a a0 



_ aVfja) 1 + 3w0 _^ 2 V^ZM 



"V/(a) 



1 + 3"'* 



which proves that the equat: 
since the square ^^rcni-oi i- 
tically zero. 



^-2 + /?] .0 , 

of motion is satisfied. 



Liie cqucLllOn ui iiiULiuii IS r 

bracket in the last expression is iden- 



III. GENERAL PROPERTIES OF THE 
QUINTESSENCE POTENTIAL 

For arbitrary constant values of € (—1,—-^), it is 
not possible to obtain from Eq. (^2|) an explicit analytic 
expression for A(0), and thus no explicit analytic expres- 
sion exists in the general case for the potential (|2C|). (See, 
however, the special cases = — | : — f which will be dis- 
cussed in Sect.^.) Nevertheless, it is possible to compute 
the potential for all values of numerically, and there- 
fore one can calculate various quantities, which then can 
be compared with the cosmological observations. This 
will be done in Sect.^. In this Section, we discuss some 
general properties which can be deduced from the formu- 
lae derived in Sect.||. 

In the radiation-dominated epoch, 77 ^ or — )■ 0, 
we have A{(j)) 0, and thus Eq. (HI) gives {6 := -§(5 -f 
W4,) > 0) 



Bocp = 



A{it,)/aa 



y 



v/^r + f7n,y + 0(y2) 

I / \ -5+1 



dy 



(m 

/I17((5 + 1) V ao 



which implies 
A{(t)) = ao \{6 + l)Boy/^ 



(26) 



> . 

(27) 



Inserting this in (|20|) , gives for the quintessence potential 



O 



7 



6- 



1 



1 - 3w0 



(28) 

For the two exceptional cases — —1/3 and —2/3, one 
obtains from (28) 7 — 2 and 2/3, respectively. (If ra- 
diation is neglected, Vl^ — 0, while keeping Sim 7^ 0, as 
it is often assumed, one instead obtains (see Eq. (|2^)) 
7 — —2(1 -I- W(j})/W(ji which yields in the case w^f, = —1/3 
the value 7 = 4 instead of 7 = 2.) Thus, the quintessence 
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potential behaves for (/) — > as the inverse power-law 
potential (|^), where the power 7 is uniquely given by 
Eq. (H). 

In the quintessence-dominated epoch, one has 0(77) — > 
00 for 77 — !■ rjao with rjao < 00 for < and r]ao — 
00 for — — i. This follows immediately from the 
Friedniann equation a' = da/drj = \J /(a), which can be 
integrated to give 



da 



a{ri)/ao 

VgiM) 



(29) 



For it;0 < — i this yields 



dy 



< 00 , 



/o y/n^y^-^'^'f + n^if + n^y + 

. ... (^^^ 

Similarly, we obtain from — > 00 in the limit 77 — > 
?7oo for < — ^. To get the leading asymptotic behavior 
of in this limit, we have to distinguish again between 
two cases. For = — i, Eq. ( p2| ) yields 



dy 



A(0)/ao 



1 



V^4 



In 



whereas for — 1 < < — i on gets 



(31) 



Bn 



V 



A((j))/ao 
1 



0(y2 



: dy 



In 



A(0) 
ao 



Thus, we obtain from Eqs. (|3lD, (|32|) and (p3| 

A{<l>) = 0(e^^) 



— > 00 



(32) 



(33) 



with 



B := 



Bq y^^rj, 
^4, 



2v^ 



for — 1 < W0 < — i 
(34) 



Inserting the asymptotic behavior ( |33f ) in (20), gives 



V{cp) 



O e 



00 



(35) 



with 



fi := 3{1 + W4,)B 



V^l 2^1 + 1 ^ for 7.0 = -! 



Top 



[ ^6(1 + w^) for -1 <w^ < 



(36) 



Thus, the quintessence potential behaves for (/) — > 00 as 
the exponential potential (H), where the exponent /i is 
uniquely given by (Ba). 



We conclude that for = const. < — 1/3 and fitot = 
1 — < 1 the derived quintessence potential (^^ inter- 
polates between the inverse power-law potential (0) for 
— *■ and the exponential potential ([g) for </)—*■ 00. 
There arises then the question: does there exist a closed 
analytic expression for ¥{(/)) valid for all (f> > 07 In 
Sect.^ we shall study the special cases = — 5,— f 
and shall show that for these cases there exist, indeed, 
exact analytic expressions for the potential. 

Before closing this section, we would like to show that 
the divergent behavior ( |28| ) for (j) (see also Eq. (p^), 
which makes it impossible to expand V{(j)) at ^ = into 
a Taylor series, is a consequence of the assumption that 
the quintessence field has a constant equation of state. 

Let us suppose, on the contrary, that we have a poten- 
tial V{(f>) which possesses a well-defined Taylor expansion 
at some initial field 0in = 0(0), i. e. 

!/((/.) = Vo +«!((/.- 0i„) + O ((0 - ^inf) (37) 

with vo := VicPin) > 0, VI := |^((^in) 7^ 0, while (j){r,) 



wiLU x^o .— V (Vin) ^ vx .— ■g0(,</'iny ^ 

has at ?7 = the expansion (fe 7^ 0, cr > 0) 
0(r?) = ./-in + 677"(l + 0(77)) 



(38) 



Using the expansions (|37[), ( pq ) and the well-known ex- 
pansion of the scale factor in the radiation-dominated 
epoch, a(j]) = a'(0)?7 -I- Oijf'Y it is not difficult to see 
that the equation of motion (^ is satisfied iff cr = 4 and 
6 = ~§a'2(0). 



Now, let us consider the equation of state 
by means of (||) can be rewritten as 



1 - r4,{r]) 



which 



(39) 



Here denotes the ratio of the kinetic energy T{ri) :— 
if)''^ / (2a^) of the quintessence field to its potential energy 
V. From the above equations, one derives that T vanishes 
like 0(7/**), which leads to 



50 Wo ^ ^ ' 



(40) 



and 



25 Vo 



+ 0(77^) (41) 



in the limit 7/ 0. Thus, in such a model the 
quintessence component is strongly suppressed at early 
times and practically indistinguishable from a cosmolog- 
ical constant with wa = —1. However, with increasing 
time rj, w^iji) increases and therefore cannot stay con- 
stant at a value w,p € [— 1, — |] for all times. 

An example of a quintessence model of this type is 
given by the exponential potential (^) for which (j>in can 
be set to zero without loss of generality. This model has 
been studied in detail, e.g., in for hyperbolic uni- 
verses. Here w^(r]) starts out at —1 and then approaches 



6 



zero in the flat case or — ^ in the hyperbohc case. This 
shows clearly, as stated already, why our assumption of a 
constant equation of state necessarily implies an inverse 
power-law divergence of V{4>) in the radiation-dominated 
epoch, see Eq. (ESh. 



IV. TIME-EVOLUTION OF THE ENERGY 
DENSITY PARAMETERS n^i-q) 

In this Section, we study the time-dependence of 
the dimensionless energy density parameters fl-^irj) — 
Sxiv) / ^cTitir]) for the various energy components x = 
{r, m, (/)} as well as for x = tot referring to the total en- 
ergy density. From the continuity equation we obtain 
for X — {r, m, (j)} 



a(?7) 



3(l+uix) 



(42) 



since all three components are assumed to possess a con- 
stant equation of state w^. Expressing the Hubble pa- 
rameter H{ri) entering Ecritl??) by the Friedmann equa- 
tion (H) and using the variable y '■= = together 
with the function g{y), see Eq. (21), one obtains 



y 



1— 3t(Jx 



giy) 



{r, m, I 



(43) 



The general relation (43) determines the time-evolution 
of the parameters f2x('?) in terms of their present val- 
ues fix = ^xivo) parameterized by the scale factor 
a(j]), respectively the redshift z. It follows immediately 



a(o) 

^^x— r, 



1 and n^{0) = n^{0) = 0. With ritotiv) 



, rix(?y) and Eqs. ( [43| ) and (|2l| ) one derives 



f^tot(?7) = 1 - 



9{y) 



(1 - f^tot) 



(44) 



satisfying r2tot(0) = 1. (Notice that g{l) ~ iltot + f^c = 
1-) 

To analyze the behavior of Eqs. (|4^) and ( p| ) in the 
radiation-dominated epoch, we observe that Eq. (|9|) de- 
termines in the case — ~ 5 the first two terms of the 
scale factor 0(77) uniquely 



y 



air,) a'(0) 



ao 



^+?r + 0(r/3) 
277 



(45) 



with fj := 2^/^l^nc/^m — (1 + \/2)?7oq, where r^cq denotes 
the conformal time at matter-radiation equality. We then 
obtain for 77 — > 



f^tot('7) 



1 - 2(77/77) + (9(7/2) 

2ir,/f}) + Oiif) 
O (ryi-S'^*) 
1 -7/2 + 0(r/i-3i«^) 



(46) 



The crucial point to observe is that the quintessence com- 
ponent ^^{ri) is at early times suppressed (the more the 
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FIG. 1: The energy densities f2x(77) are shown for the 
quintessence potential ( [57| ) for = —| using the param- 
eters given in Sect.[vj. 



smaller Wcj, is) such that ^^(t/bbn) ^ 10~^ and thus does 
not interfere with the strong constraints coming from the 
big-bang nucleosynthesis (BBN). 

At late times, 77 — > r/oo, respectively z ^ — 1, we obtain 
in the case = — ^ 







Uc+n^ (1 + 2:) + ... 
^•piv) ^ f^tot(i) = + •••<i 

whereas for < '^^^ derives 



(47) 



n 



^ (1 + z)l-3"'* 

1 + z)-^^-f 



n^irj) ~ r!tot(ry) = 1 - (1 + z)-(i+3»*) + .1 

(48) 

We see that in all models the quintessence component 
dominates at low redshift (see Fig.|l| in the case = 

In the case < — i , the universe becomes asymptoti- 
cally flat, whereas for = — it stays forever hyperbolic 
with f7tot(oo) < 1, see Eq. (p7|). Radiation-quintessence 
equality occurs at z = Zj.^ with 



- 1 



(49) 



The matter component takes its maximum value at a 
redshift value z,n, which can be obtained as a solution of 
the equation 



a(i + 2m)'"''"'" - r!c(i + ^m)"''+''"*^ = -iw^n^ 



Matter-quintessence equality holds at z 

\ -i/(3-v) 



(50) 



with 



1 



(51) 



Fig.|l| shows the time-evolution of the energy densities 
ilx(^) for Wif, = — i using the parameters discussed in 
Sect.^^ During the epoch of quintessence dominance 
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the growth of hnear perturbations is suppressed. This 
suppression increases thus with increasing since then 
dark energy dominates earher. In cases of too early dark 
energy dominance, one needs either a large bias param- 
eter or models with a large CDM-contribution in order 
to obtain a power spectrum P{k) of large scale structure 
that is consistent with the observations. 



V. EXPLICIT ANALYTIC EXPRESSIONS FOR 
THE QUINTESSENCE POTENTIAL 



Formula (|20|) gives the quintessence potential V{(j)) in 
terms of the scale factor which in turn has to be ob- 

tained by "inversion" of the integral appearing in Eq. (|2^ ) 



_ 1 _ 3^ 

y 2 2 



(52) 
dy , 



where in the following we assume u > Q, w E [— 1,— |] 
and f2x > for x — r, m, c, 4>. The problem of integra- 
tion posed by ( p2|) is in general insoluble by means of 
elementary functions. For special values of w, however, 
it is possible to give explicit solutions to our problem. 



A. The Potential for — 

In the case of a quintessence component belonging to 
a constant equation of state, = the integral (jsj 
is particularly simple (1^0 :— fl^ + flc) 



1 , rx 

In. y 



m 

ao 



where we have introduced the abbreviations 

A' 



(53) 



X := 2VZ + 2U 



i0 



ao 



(54) 



From Eqs. (|5^) and ( |22D one gets 

X = Ye^^ , (55) 

where B is given in Eq. ( |3^ ) for Wfj, = — i. Furthermore, 
we obtain from (|5|) {X - f^^) - (^^j = and 
squaring this equation yields 

[x - n^f - 4^4, [x - n^) (—] + Anl (— 

\aoJ \ao 




which can easily be solved for A/ao giving 



Replacing then X by the solution (55), leads to the fol- 
lowing explicit expression for the scale factor A{(j)) as a 
function of the quintessence field (j) 



m 

ao 



with fj := — ^yTljT^+Tl^ 



{r]smh{B(j>) + cosh{B(j>) - 1) 

(56) 

It remains to insert the 



result (|5^) into the general formula (^, to arrive at the 
exact quintessence potential for = — ^ 



y(0) = 



Vo 



[77 sinh(B^) + cosh{B(j)) - 1] 



(57) 



where we defined the potential strength Vq — 
^ecrit^<t>{^<t, + r2c)^/^^m- Thus, in the case = 
the quintessence potential is completely known, not only 
in its functional form (^^, but also with its parameters 
which are uniquely determined by Ho and the present 
cosmological density parameters fly, r^mi ^4> and fl^ — 
1 — — $7„i — Qct>- The potential ( |57|) and therefore the 
cosmic evolution is governed by two very different energy 
scales: the small critical energy Ccrit and the huge Planck 
mass mpl Explicitly, one derives from (57) 



Vo . 



ji for <p 







00 



(58) 



which is in accordance with the general behavior given 
by Eqs. ( |28| ) and (|5|), respectively. 

It is interesting to consider the limit of the poten- 
tial ( p7| ) for vanishing radiation. In this limit, we ob- 
tain the following exact quintessence potential for a two- 
component model consisting of matter and quintessence 
with = — i 



F(0) 



4 



1 



sinh" ( ^ 



(59) 



In Sect. VB, we shall show that this potential leads to an 



almost constant equation of state Wff, {rf) with Wcf, (0) = — g 
and w^{r]) ^ — ^ for ?/ ^ cx), if ( |59| ) is assumed to gov- 
ern the time-evolution of a quintessence field, where a full 
three-component background model consisting of ra dia- 
tion, matter and quintessence is employed. (See Sect. VB 
for details.) 



B. The Potential for lu^ = — ^ and fir = 

If the quintessence component possesses a constant 
equation of state, = — |, the relevant integral ([s^ ) 
reads 



dy . (60) 
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The integral ( |60| ) can be transformed into an elliptic in- 
tegral of the third kind which can be expressed in terms 
of the Weierstrass a- and ^-function. There exists, how- 
ever, no simple inversion formula leading to an explicit 
formula for u. Eq. ( |60| ) simplifies considerably, if we set 
fir = 0, i. e. neglect radiation. We then have to solve the 
integral 



f2r=0 



1 



dy , (61) 



which is identical to the integral I_l{u), if we make the 



replacements fl^ = Q. 



'0 



flc and 



ilni- We can thus immediately obtain the corresponding 
scale factor by making the above replacements in formula 
(p6|) and then obtain 



ao 



in, 
2 



{fi sinh(S0) + cosh(S0) - 1) (62) 



-^£10 On 



and B 



with f/ : 

into our general formula (|2^ 
quintessence potential for a two-component model con- 
sisting of matter and quintessence with 



Inserting (||) 
gives then the exact 



Vo 



t) sinh(B0) -I- cosh(B0) - 1 



(63) 



with Vo i-Q^ecrit- Explicitly, one obtains 



Vo 
V 

^e 

1 + 7] 



for 



4^ e-^* for 



(64) 



which is in accordance with the general behavior given 
by Eqs.pl), IM) and {M. 



Since radiation has been neglected in the derivation of 
the potential (^), it appears at first sight that ( |63| ) can 
be applied only in the matter-dominated epoch and later, 
i. e. for r] > r/m respectively z < Zm (see Eq. (|50|)). We can 
consider, however, a model in which the potential (^3|) is 
assumed to govern the time-evolution of the quintessence 
field for all times, irrespective of its derivation, and solve 
Eqs. (H)— (§|) in a full three-component background model 
consisting of radiation, matter and quintessence. Radi- 
ation is then included correctly by means of the scale 
factor 0(77), and thus the new model is consistent for all 
times. It is clear, however, that the equation of state 
w^(r]) can no more be constant for all r/ > 0. Neverthe- 
less, it is obvious that for the potential (^3|) asymptoti- 
cally holds 



(65) 



where we expect 'w^{r]) to be almost constant, w^{ri) ~ 
— |, already for 77 > rj^. But in the radiation-dominated 
epoch < ry < r^iii, the equation of state will deviate from 



its asymptotic value — |. It is then interesting to study 
the behavior of Wcf,{rf) in the limit 77 — > 0. 

For this purpose, let us consider the more general 
situation of a quintessence potential 1^(0) for a two- 
component model consisting of matter and quintessence 
with a constant equation of state Wao , — 1 < w^o < — § ■ 
It follows from Eqs. (|2^) and (|2|) that V{(j)) diverges in 
the radiation-dominated epoch like 



+ . . 



7 



Wo 



-{l + w^) . (66) 



We then assume, as in the discussion above, that this po- 
tential is taken as a model for quintessence using, how- 
ever, in Eqs. (||) — (^) the scale factor a{r]) for a three- 
component model which takes also radiation into ac- 
count. One then obtains a time dependent equation of 
state, 1/70(77), which asymptotically obeys 



Wo 



Vo 



(67) 



(We expect w^p^q) ~ w^o to hold for rj > rj^^^.) To derive 
the behavior of w^{r]) in the opposite limit, 77 — > 0, we 
make the ansatz (j>{ri) = brj" + . . . for 77 ^ with 5 > 0, 
(T > 0. Since the background model includes radiation, 
we have 0(77) = a'(0)77 -I- . . . in this limit. With (pq), it 
is not difficult to see that the equation of motion (g|) is 
satisfied iff cr = 4/(7-1-2) and h~+^ = ^a''^{0)Vo/{(7{(j + 
1)). It then follows for the ratio of the kinetic to the 
potential energy (see Eq.(|9|)) r^{-q) r^{0), 77 0, 
with 



W+^a^ _ 27 
2a'^(0)Fo ~ 7 + 6 



which yields 



3(1+4^0 



77 ^ 



(68) 



for 



(Notice that -1 < ^^(O) < and ^^(O) > 
— 1 < Woo < —\-) We thus conclude that the equation 
of state for the above models starts with the initial value 
( |68| ) at 77 = and then decreases to its asymptotic value 
Woo- In the special case Woo = — |; discussed at the 
beginning of this Section, we have ^^(O) = — |, and for 
the potential (|59|) with Woa — "\ one gets ^^(O) — — i. 



Potentials with a Positive Cosmological 
Constant 



1. General Properties 

In the foregoing discussion, we have considered a three- 
component model consisting of radiation, matter and 
quintessence. We will now study a four-component 
model, which takes into account also a non-vanishing 



9 



(positive) cosmological constant A corresponding to an 
energy density (vacuum energy density) 



A 



8ttG 

with density parameter J^a ~ 



const. 



(69) 



A 



> 0. Assuming — 1 < 



< 



^ we have now to compute instead of (52) the 



W0 ^ 3 
more general integral 



iw{u) 



dy 



(70) 

Let us begin with some general remarks. Obviously, the 
leading asymptotic behavior of (u) in the limit u — > 
is the same as for Iw{u), Eg. (p2|) (see also (p6|)), and 
thus we obtain in the radiation-dominated epoch again 
the power-law divergence (^8|) with the same power 7 as 
in the case of the three-component models. In the limit 
u — > 00, however, we get a completely different behavior, 
which follows from the fact that 1^ (w) , Eq. (^0|) , stays fi- 
nite in this limit. (Indeed, the integrand of 1^ (u) behaves 

for y ^ 00 like y"^"^'"^ and thus the integral (^0|) con- 

5 
2 



verges at the upper limit since ^ + > 1 for w > —1.) 



Similarly, it follows that the corresponding generalization 
of the integral ( p9|) stays finite in the limit 0(77) — > 00, 
which implies that the conformal time 77 approaches at 
late times the finite value 7700 given by 



dy 



V^a/ + n^y^-^^f. + n^y^ + n„,y + 

(71) 

We thus conclude that the quintessence field (j){ri) ap- 
proaches in the limit rj — > rjac the finite value (f>oo ■— 



4>{Voc) given by (see Eqs. (22) and 



"2 2 dy 



Bo Jo ^/n^y^ + f^^yi-S"'* + n^y^ + fln^y + ft. 
With (|72|) , the generalization of Eq. (G2) can be rewritten 



Bq ( 



where we have defined the function 

_ i _ 1 

Iw{u) 



y 



dy 



(73) 



(74) 

In the limit u —t 00, one obtains for w > —\ 



iw{u) 



1 



3 (1 + u;)vni 



(75) 



which yields together with ( 73 ) the following asymptotic 
behavior of the scale factor A{(f>) 



m 

ao 



O 



3(1 + ™^) 



) > 



(76) 



Inserting the last result in our general formula (^0|) , gives 
for A > 0, W0 > -1 



F(0) - 3^(l-u;J)17Aecrit 



mp 



.(77) 

Thus, the quintessence potential shows at late times 
(77 — > r/00) in a universe with a positive cosmological con- 
stant a completely different behavior from that exhibited 
by Eq. (35). While V{(f)) vanishes in the case A = ex- 
ponentially for (j) ~* 00, it vanishes for A > only like a 
power, Eq. (|77|), at a finite value ^oo for (j) ~^ 'Poo- 

In the case A > 0, we have to replace Eq. (|4^) for the 
time-evolution of the density parameters by 



y 



l — 3wx 



9Aiy) 

and Eq.(||) for Qtotirj) by 

f^tot(?7) = 1 - 
with (see Eq.(|2^)) 

gA{y) ^Ay* + g{y) = 



{r,m,0,A} (78) 



5A(y) 



(1 - ^tot) 



(79) 



X— r,m,0,A,c 



_ (80) 
Obviously, the behavior (^) of the density parameters 
in the limit r/ — s- is not changed, and we only have to 
add ^a{v) — Oiv^) for 77 ^ 0. At late times, z — 1, 
however, Eqs. (^ and (^ have to be replaced by {w^ > 
-1) 



ilAiv) 

^^tot(»7) 



TTr(i + -)' 



(1 



^(H-z)3+3™* + 



i-nf(i + -)' + 








1 



(81) 



We see that in the case A > also the quintessence com- 
ponent vanishes asymptotically at late times, in contrast 
to the earlier behavior (Q), since now the vacuum con- 
tribution r2A('7) dominates and approaches one in this 
limit. Furthermore, we observe that for A > the uni- 
verse becomes asymptotically flat. Quintessence- vacuum 
energy equality holds at z = z^a with 



(82) 



2. The Potential for = — | and A > 
For — and A > 0, we have (see Eqs. ( p^ ) and 

(0) 



(83) 
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and thus we have to "invert" the integral 
la 



c 



3 ^ ' 



(84) 

The integral (|84) is an elliptic integral of the first kind, 
which is insoluble by means of elementary functions. 
However, it is possible to invert it and to express m as a 
rational function of ^(C), where ViC) is the Weierstrass 
T'-function. It then follows from { p3{) that A{(f>)/ao can 
be expressed as a rational function of V{Bo(p). (This 
method has already been used in our earlier paper Q 
to express 0(77) in terms of 7^(77)). 

Let F{y) := aoy'^ + 4oiy'^ + 6a2y^ + 4a3y + 04 be any 
quartic polynomial which has no repeated factors; and 
let its invariants be [t52| 



92 



aoa4 — 4aia3 + 



93 := 000204 ^ 
Furthermore, let 

c 



2010203 



O0O3 



dy 



a\ai . (85) 



(86) 



where a is any constant. (In the applications, which we 
have in mind, a is real and non-negative and F{y) > 
for y > a.) Then §| 



^(0 = 



2{V{0-j-,F"{a)f~i-^F{a)Fi^){a) 
±Fia)F'"ia)-^/FiajV'{C) 



2{ViC)-i,F"ia)y-^^F{a)F(^){a) 



(87) 



the Weierstrass function ViC) = 'P{Ci92,93) being 
formed with the invariants (85) of the quartic F{y). (No- 
tice that we have corrected a sign on p. 454 in by writ- 



ing -y^F{a)V'{C) in Eq. (|87|).) P(C) can numerically be 
evaluated very efficiently by its Laurent expansion 



no 



1 



E/-2k 



2k-2 



with 



C2 := TTTT 



52 

20 



fc=2 



53 

^=28 



and the recursion relation 
3 



Ck = 



(2A; + l)(fc- 3) 



k-2 

E 

m=2 



CmCk-rn for fc > 4 



With qq = JIa, fli = 0, a2 = (f^^ -I- f^c)/6, 03 — fl, 
04 = and a = 0, we obtain from Eqs. (^), (p^), 
and d^) 



A(0) ^(So<? 



12 



Oo 



12 



(89) 



with Bo = 2Vlf]-i/2 
formed with the invariants 



rij.^'^, where 'P(i?o</'; 52, 53) has to be 



.92 



53 



(»0 + »c)' 

12 



(90) 



216 



6 



16 



Inserting (g9|) into our general formula (|20|), yields the 
exact quintessence potential for a four-component model 
with A > and = — i 



y(0) 



4Fo 



(r!0 + r!c) 

>(Bo</ 



(91) 



12 



4 



7'(Bo<? 



12 



,%/n7 



7"(So<; 



where the potential strength Vq is found to be the same 
as in Eq.(p7|). Using the leading behavior V{Bo(j)) = 
{Bo(t>)-'^ + ... a.ndV'{Bo(f)) = -2{Bo<j3)-^ + ... for (/) ^ 0, 
it follows that ( |9l| ) obeys the correct power-law behavior 
( ^ ) (see also Eq. (|58|)) in the radiation-dominated epoch 
0-^0. To derive the asymptotic behavior of V{4)) in the 
opposite limit at late times, 77 — > ?7oo or — > (/)oo, (see 
Eqs. (P) and (fl), we use pi 



^^^^ ^ Vi^(u)f(a)+f(a) ^ F'(a) , F"(a) 



2(u-a)2 



4(m - a) 



24 



F(u) F'(u) 

{u — aY 4(u — q;)^ 

, F'{a) 

{u — a)^ 4(m — q;)2 



/fR (92) 



with the same notation as in Eq. (^6|). From Eqs. ( |83| ) and 
( p^ ) we infer that we have to choose a = in Eq. ( |9^ ) 
and then consider the limit u = A((/))/ao ^ 00, which 
yields 



ViBo^ 



u — >oo 



F"iO) 
24 



12 



(93) 



and 



F'iO) 



F{u) F'{u) 



4u2 



lim 

u — >oo 



(94) 



The implicit relation ( p^ ) turns out to be very convenient 
to calculate (f)oo numerically (instead of computing the in- 
tegral (^). A Taylor expansion of 7'(Bo(?!)) and V'iBocj)) 
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Sit (j) = gives then for the potential ( |91| ) the desired 
resuh in the hmit (j) ~^ 4'oo ■ Exphcitly, one derives 



0^0 



4))y for 



(95) 

in full agreement with the general behavior (^8|) and (|77|) . 

It is worthwhile to check whether the potential ( |91| ) 
goes in the limit of a vanishing cosmological constant, 
r^A — > 0, over to our previous result (57). From (po|), we 
obtain for the invariants in this limit §2 — > (r2^ + r2c)'^/12 
and 53 ^ —{^ip + ric)'^/216. Using the homogene- 
ity property of the function 'P(C) | ]3^, VjC; 9 2,93) = 
A^7'(AC; fl, fl), we obtain with A V^Vi"^ 

ViBocb;92,93) ^(n^^o) {n^ + n,)riBcj); ^,~^) , 

m 

where we have used the definition B := Bq^JU,^ + f2c, 
see Eq. ( p4[ ) . Since the last T'-function can be expressed 
in terms of an elementary function 133], 



1 



1 



12' 216 



1 

12 



1 



4 sinh^ § 



(97) 



one obtains, indeed, that the potential ( |9lD goes over to 
the potential (|57|) if the cosmological constant approaches 



3. The Potential for ■u;^ = —2, A > and Sl-r = 



For = — |, we have to solve (see Eqs. ( |7^ ) and (|7^)) 



Bo( 



with 



\ ao 



(98) 



(99) 

The last integral simplifies considerably, if we set fij. = 0, 
i. e. neglect radiation. Introducing the new variable of 

integration y '■= -^{i ~ i the integrand is trans- 
formed into Weierstrass normal form 



Bo{<j>oo - 

with invariants 

92 



dt 



T a/ 4^3 - g2t - 93 



T2 



(100) 



(101) 



53 



and r := ^ ' ^°™^ ( p^ ), the integral 

can be solved [021 in terms of the Weierstrass T'-function, 



T = r{Bo{q 
scale factor 

A{4>) 



-0)), and one immediately obtains for the 



■ P (So (0OO 



1% 

3 17a 



(102) 



ao ilA 

where the function V has to be formed with the in- 



variants (101). Inserting (102) into our general formula 
(pO|), yields the exact quintessence potential for a three- 
component model consisting of matter, quintessence and 



a cosmological constant with 
fl, = 



Vn 



V{Bo{<poo 

the field (t)r^, which is defined by 



0))-% 



ilA > and 



(103) 



with Vb — ^£critf^0^^A- The potential (103) depends on 



1 

Bo Jo 
1 



dy 



V^^Ay^+T^p^ 
dt 

Bo Jn^/12 v/4i3 - g2t 
and can be computed from 



flcU + fin 



93 



V{Bo(t>oo) 



I2 



(104) 



(105) 



Expanding ^£Bo(0oo — 0)) into a Taylor series at ^ = 
and using (|105|) and 



V'iBo 



(106) 



one derives the asymptotic behavior of the potential 
( |T03| ) for (j) ^ 0. The behavior of V{(j3) in the hmit 
0OO follows immediately form (^8|). Explicitly, one 
obtains 



^(0) 



4Vo 



Vb (-Bo(0oo - (t))y for (/i -> 00 



(107) 



which is in accordance with the general behavior given 
by (H) and (0). 



VI. COMPARISON WITH COSMOLOGICAL 
OBSERVATIONS 

After having discussed various aspects of quintessence 
models with a constant equation of state w^, let us come 
to a detailed comparison with the CMB observations. (A 
preliminary announcement of our results can be found in 
[Q.) We use in our comparison the following priors. 
The Hubble constant Hq = h x 100 km s~^Mpc~^ is set 
to /i = 0.65, and = 0.05 (i. e. fly^h^ = 0.021) is chosen 
in agreement with the current Big-Bang nucleosynthesis 
constraints. 
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FIG. 2: The x values are shown in dependence on and 
for fitot = 0.85 using RadPack for 41 data points. The 



Xmin 



= 36 occurs at Q,^ = 0.6 and = —0.2. 
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FIG. 4: The values are shown in dependence on and 
Q,^ for fitot = 0.95 using RadPack for 41 data points. The 
curves with = 40, 50 and 60 are indicated. The minimum 
Xmin ~ 35 occurs at Q,^ = 0.7 and — —0.4. 
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FIG. 3: The values are shown in dependence on and 
for f^tot = 0.9 using RadPack for 41 data points. The 
curves with = 40, 50 and 60 are indicated. The minimum 

Xmin 



: 33 occurs at ft^ = 0.65 and 



-0.3. 



FIG. 5: The x^ values are shown in dependence on and 
Qcfy for f^tot = 1.0 using RadPack for 41 data points. The 
curves with x^ = 40, 50 and 60 are indicated. The minimum 
Xmin = 34 occurs at fi^ = 0.75 and = —0.7. 



The CMB anisotropy is computed according to |3^ 
using the conformal Newtonian gauge. The relativis- 
tic components are photons and three massless neutrino 
families with standard thermal history. For the photons, 
the polarization dependence on the Thomson cross sec- 
tion is taken into account. The recombination history 



of the universe is computed using RECFAST |3^. The 
non-relativistic components are baryonic and cold dark 
matter. The initial conditions are given by an initial cur- 
vature perturbation with no initial entropy perturbations 
in relativistic and non-relativistic components. Further- 
more, we assume that there are no tensor mode contri- 
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FIG. 6: The angular power spectrum 5Ti/T is presented for 
the four best models for the cases fltot = 0.85, fltot ~ 0.9, 
f^tot ~ 0.95, and fltot = 1-0. These are determined by the 
minimum of shown in figures ^ to |^. The data are taken 
from 

butions. The initial curvature perturbation is assumed 
to be scale-invariant which is "naturally" suggested by 
inflationary models. The quintessence fluctuations are 
initially set to zero. Other choices for the quintessence 
inhomogeneity would yield practically the same results 
because these models are insensitive to the initial condi- 
tions on the quintessence fluctuations 

The CMB anisotropy of these quintessence mod- 
els is compared with the angular power spectrum 
5Ti — + l)C;/27r obtained by the experiments 

BOOMERanG §, MAXIMA-1 g, and DASI §. This 
corresponds to 41 data points. The amplitude of the ini- 
tial curvature perturbation is fitted such that the value of 
is minimized with respect to these three experiments, 
where is computed using RADPACKQ. 

The figures || to |^ present the values of for the 
four cases ^Itot = 0.85, fltot = 0.9, fltot = 0.95, and 
^^tot = 1-0, respectively. The values of Eire shown in 
dependence on Wcj, and fl^. Since l^tot is field fixed, the 
matter density f2m is given by fl^n = fltot — f^4> neglect- 
ing the small radiation contribution. One observes that a 
decreasing fltot demands an increasing w^, i. e. a less neg- 
ative value; from fltot — 0.85 to fltot = 1-0 the equation 
of state sfiifts from ~ —0.2 to — —0.7. Further- 
more, all acceptable models require a dominant dark en- 
ergy component fl^ > 0.6 and possess r2,„ = 0.25. Since 
the minimum of is for all four cases of the same order, 
Xmin — 33 . . . 36, no definite value for the curvature is 
singled out. Thus we do not find convincing hints point- 
ing towards vanishing curvature, i. e. a flat universe. The 
four best models corresponding to the cases fltot = 0.85, 
^^tot = 0.9, fltot = 0.95, and fltot = 1-0, respectively, are 
nearly degenerated with respect to their angular power 
spectrum 5Ti/T as can be seen in figure ||. With the 
current observational accuracy, one cannot discriminate 
between these models. A degeneracy between fls and 
exists already in the flat case, see e.g. |2^, ^ pO[ . 
If the assumption of flatness is dropped, a degeneracy 
with respect to flc, fl,f, and arises. A special case, the 
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FIG. 7: The angular-diameter distance cLa is shown for mod- 
els with flra ~ 0.25 in dependence on and Qc- The curves 
show the contours of constant (Ia- Our models with the small- 
est value lie close to the black curve, (zgig = 1100 is as- 
sumed.) 



degeneracy with respect to flA and the curvature flc is 
discussed in [|l). The full (fie, ^2,^, u'^)-degeneracy can 
be inferred from ||2^ in the neighborhood of a special flat 
model, where the shift AZi of the first peak (see their 
Eq. (18)) from a flat ACDM model with flrn = 0.3 is an- 
alyzed. This geometrical degeneracy arises through the 
angular-diameter distance to the surface of last scattering 
having redshift Zsisj 

dA = ^ Sk I V\^\ t > 

i/o^(^si.+i) V Jt^vm) 

(108) 

where Sk(x) is sinh(a;), x, sin(x) for k = —1,0,-1-1, re- 
spectively, if we include also the flat and the positive 
curvature case. The models with the lowest values of 
X^ possess nearly the same angular-diameter distance 
dA to the surface of last scattering. Furthermore, the 
models which for fixed flc match the anisotropy, have all 
the same flya = 0.25. In figure ^ we show the angular- 
diameter distance cIa to the surface of last scattering for 
this value of fli^. Our models with the smallest lie 
close to the black marked contour of constant d^. One 
infers from figure ^ that to the model with = and 
— —0.7 correspond models with the same dA hav- 
ing flc = 0.05, 0.1, 0.15 and ~ -0.43, -0.3, -0.22, re- 
spectively. Thus, this geometrical degeneracy allows also 
universes of negative curvature. 

One observes in figure ^ that the contours of constant 
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FIG. 8: The magnitude-redshift relation m-g{z) is shown for 
the four best models possessing Qtot ~ 0.85, fltot = 0.9, 
^^tot ~ 0.95, and Qu^ — 1.0 in comparison with the super- 
novae la data ||[|, [o|. 



(Ia have a larger slope for larger w^, i. e. for the models 
with more negative curvature. This leads to more sharply 
confined regions of small values of in the parameter 
space with increasing Oc, i- e. decreasing fitot- This trend 
is clearly visible in figures ^ to |^. 

In figure ^ the magnitude-redshift relation mB{z) is 
shown for the four best models. One observes a very sim- 
ilar behavior in the three cases with negative curvature 
consistent with the supernovae la observations ||, ^ . 
The upper dotted curve belonging to the flat case gives a 
slightly better fit than the curves belonging to the cases 
with negative curvature but the latter are nevertheless 
consistent with these observations. At this point, it is 
important to be aware of the ongoing discussions whether 
the extinction in the host galaxies is indeed negligible for 
high z supernovae or whether this indicates an in- 
consistent treatment of host galaxy extinction when the 
extinction is only taken into account for low z super- 
novae Q . Furthermore, the hints for an accelerated 
expansion are also weakened if supernovae not observed 
before maximum light are excluded from the analysis p3[ . 
Thus, it is probably save not to reject universes with neg- 
ative curvature which need only a 0.1 — 0.2 mag shift in 
order to be in perfect agreement with the observations. 
At this point it should be noted, as e. g. emphasized re- 
cently in 1^ that while inflation is taken to predict that 
the universe is very close to flat, it does not imply that 
the spatial sections are exactly flat. 

Let us now turn to the special case — — i, i.e. to 
the potential ( |57| ) derived in Sect. V A . Here we choose 
the following values for the cosmological parameters: 
n^dm = 0.25, i. e. = 0.30; = 0.60, i. e. ^tot = 0.90 
or fic = 0.10, which gives f7tot(oo) = f =i 0.86. We 
then obtain r/oq = 0.0087; Zrcc = 1089, i. e. ?7rec = 0.0198; 

1 ~ 83, i. e. 77m = 0.106; Zjn^, = 1, 
0.8938 corresponding to an age 
of the universe of to = 12.16 Gyr. In Fig.|l| we show the 



Zm = a/ -I- Qc)/^r 

i.e. r]m4, = 0.687; ryo 



rj. Fig.^ shows the prediction of the model for the angu- 
lar power spectrum STi ^/^JTl^T)Ch/2^^ of the CMB 

3.0e-()5 
STl/T 
2.5e-05 




FIG. 9: 



U ZUU 4UU bUU KUU lUUU 12UU 14UU t 

i ^. The angular power spectrum 5Ti/T for the 
quintessence potential JpT) ) for = in comparison with 
the experiments ^ |2|, ||as discussed in the text. 
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FIG. 10: The m 
novae la data j^, 

= -i 



0.4 

(z) relation in comparison with the super- 
lOl for the quintessence potential m7h for 



density parameters i^^iv) as a function of conformal time 



anisotropy in comparison with the BOOMERanG [||, 
MAXIMA-1 10, and DASI ^ experiments. One observes 
that the model describes the data very well (x^ = 35 for 
Adata — 41). The first three acoustic peaks occur at 
li = 222, I2 = 538 and Z3 = 820, in excellent agreement 
with the observations. In Fig. ^ we show the magnitude- 
redshift relation m-B(z) in comparison with the super- 
novae la data ^, |l^. Again we observe good agree- 
ment with the data. 

To summarize, we conclude that the quintessence 
model with Wtj, = — ^ and l^tot = 0.90 is in excel- 
lent agreement with present observations. We have thus 
demonstrated that it is too early to claim that present 
data have already established that the universe is flat. 
It remains to be seen whether future observations give 
additional support to the idea that our universe is close 
to flat, but not exactly flat, and that its spatial geometry 
is hyperbolic. 
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